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Abstract : fhe Riemann Hypothesis (RH), concerning the non—trivial ze—

ros of the Riemann zeta function, remains one of the most important unsolved
problems in number theory.

fhis paper is the third and final one in a series of tmo previously published
articles. fhese morks provide a rigorous demonstration that the Riemann hy—
pothesis is false.

We approach this problem using a proof by contradiction. By assuming the
Riemann Hypothesis to be true, me utilize the established principles of analytic
and holomorphic functions and our previously stated initial conjecture to study
the properties of the associated functions, namely 'and the expression S(1+ic),
such S(s) = E e _E S0 = —(s), S(s) = "(5)S(1 —s) mith

s—1
S—

"(s) = 2255 tsin 5t T'(1—s) = g(s)eid® , 6s € s such Re(s) €
10, 1[. Our analysis demonstrates that if the Riemann Hypothesis mere true, it
mould necessarily imply that the function ” is real and, furthermore, that the
associated quantity S(1/2 + ic) must also be real. fhis conjunction of derived
properties, homever, leads to a fundamental mathematical contradiction mithin
the theory of the zeta function. fherefore, the initial hypothesis must be false.
We thus rigorously demonstrate that the Riemann Hypothesis is false.

fhis refutation challenges a century—old conjecture and necessitates a re—
evaluation of current theoretical framemorks concerning the distribution of prime
numbers
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1 Introduction

The Riemann Hypothesis is a conjecture formulated in 1859 by the mathemati-
cian Bernhard Riemann, according to which the nontrivial zeros of the Riemann
zeta function are infinite and all have a real part equal to 1/2. See [6] [3]

His proof would improve knowledge of the distribution of prime numbers
and open up new areas of mathematics. Riemann's article (see [4]) on the
distribution of prime numbers is his only text dealing yjth number theory.
He develops the properties of the zeta function (s) = > r_is and proves the

n=1
prime number theorem by admitting several results, including what is now called
the Riemann Hypothesis. Subsequently, Hardy demonstrated that there are
infinitely many zeros on the critical line (Re (s) = ). (Hardy's Theorem: see
[5] [8], [9]), This gave us hope that the Riemann hypothesis might be true...

Given that the Riemann Hypothesis is currently unproven (it is one of the
most famous unsolved problems in mathematics), stating that it is "false" im-
plies that we have a refutation (a counterexample or a proof that it leads to a
contradiction). In academic mathematics, it is essential to be very precise when
questioning established conjectures.

That is why we delayed announcing our results, as we were looking for a
formal and nuanced way to state that the Riemann Hypothesis (RH) is false in
an English-speaking academic context.

In the two first paper [1] and [2] we have see: Preliminary: Analytic extension
of the function (Riemann zeta function). Contributions: The first announce-
ment (some lemma and the first claim). The second announcement (the second
claim, and two conjectures). The first conjecture and The second conjecture.
We wish to present them here before the proof and our new contribution.

This paper is the third and final one in a series of two previously published
articles "A Contemporary Conjecture for the Riemann Hypothesis" (see [1]) and
"New Proofs of the Equivalent Statement of the Dirichlet Eta Function and of
the Riemann Hypothesis" (see [2]). This work provides a rigorous demonstration
that the Riema%g Hypothesis,does ngt hold.

LetSe) = G0 % 0 =—(s),505(s) = g (5)e¥9S (1 —5).

n=1
Remark 1 (Functional equation of Hardy): S (s)="(s)S (1 —s) 6s € s such
Re(s) € 10, 1]
mith *(s)= 22051 sin 1 T (1 —s) =g (s)ei8s). See [8] and [9].

2 Preliminary

2.1 Analytic extension of the function

Theorem 2 fhere exists a unique function, denoted (Riemann zeta func—
tion), verifying:



0 is meromorphic on the entire s, holomorphic outside a simple pole at
s=1,mith residue 1;

0 (5)=G(1,s), if Re(s)>1. See [11] page 412.
n e—iln(n)c go nen

Proposition 3 Get s=r+ic, so S = fo(_1) ST = T (—1) G s
n=1 n=1
convergent for strictly positive real s, by application of the alternating series
criterion; it is in fact the same for Re(s) > 0, mhich is demonstrated using
Abel’s lemma (me can also shom more simply the absolute convergence of the
*ﬁ (2n)s—(2n—1)s

serie (2n)5(2n—1)°

Anc?fhe Riemann  function is a meromorphic complex analytic function
defined, for any complex number s such that Re(s) > 1, by the Riemann serie:

=, eimte 3 gin _ S _us) .
_ a1 — = T = , mith
ns (2m) (2n) ol—s—3 1—ol—s
n=1 n=1 n=1
n=—In(n)c.

Remark 4 According to the theory of Dirichlet series, me deduce that the func—
tion thus defined is analytic over its domain of convergence. fhe series does

- 1 M+l dx
not converge at s =1 because me have n = L = In(m-+1).
1

L2 1 S(s)=—S($)+2 (5),

2
(2n) 25
1

If Re(s)>1, (s)= = 1
n=1 n n=

so (s)=_5© .

fhis thus realizes the extension of the function over Re(s) > 0, except for

s=1+ 32wy keZ

Proposition 5 Get s = r+ic = r+i, ntey ( =1n(2) ), s0 S= 21—re—i —1

(See [1] and [2])

2.2 Introduction

All the results we will cited here are taken and slightly distorted from others
already cited and demonstrated for a long time by other researchers and books.
To demonstrate Lemma 1 we used the classic course of Complex Analysis like

[12] and [7].

Definition 6 (differentiability and holomorphy): A function f : U — C on an
open set of the complex plane is said to be complex differentiable at the point
zo € U if the limit f'(zo) = limhaoﬂﬂ)_h—f(z—‘)) exists. fhe function f is said
to be holomorphic on U if'it is complex differentiable at every point of U, and it
is said to be holomorphic on a set A if there exists an open set V containing A
on mhich f is defined and holomorphic. A holomorphic function on the entire
S is called an entire function.



Definition 7 (analytic functions): We say that a function f(z) defined on an

open set U of the complex plane s is analytic on U if, at every point zo, there
exists a 6 (zo) > 0 and complex numbers ci(zo) such that for TZ — Z(ﬁ < 6 (20),

me have f(z) = Zo?z:o cn(Zo) (2 — Zo)™

Theorem 8 Every analytic function is holomorphic, and indeed infinitely dif—
ferentiable in the complex sense; moreover, all its derived functions are also
analytic functions.

Remark 9 Gauchy’s theory leads us to a fundamental theorem: every holomor—
phic function is an analytic function. In particular, every holomorphic function
is automatically infinitely differentiable in the complex sense.

Theorem 10 I— If f and g are holomorphic on U and coincide on a set mith
a non—isolated point, they are equal.

2— If the set of points of a domain U mhere tmo analytic functions f and g
on U take the same values has an accumulation point in U, then in fact the tmo
functions f and g take the same values everymhere in U. fhey are, in fact, the
same functions.

Theorem 11 (Adherent Point and Glosure): Get X be a topological space and
A < X be a subset. A point x € X is said to be an adherent point (Glosure

point) of A _if every open neighborhood of x intersects A. fhe closure of A,
denoted by A, consists of all adherent points of A.

Theorem 12 (Adherent Point and Existence of Gonvergent Sequences): Get X
be a topological space and A S X be a subset. A point x € X is an adherent

point (Glosure point) of A if and only if there exists a sequence Xn in A such
that: lim x, = x .

3 Our previous contributions

This section contains antecedent results cited and demonstrated in the two
previously published articles "A contemporary conjecture for the Riemann hy-
pothesis" (see [1]) and "New proofs of the equivalent statement of the Dirichlet
eta function and the Riemann hypothesis" (see [2]).

3.1 The first announcement

Lemma 13 Assuming that there exists an s, mith r1 = Re[s:] € 0,% and
c=1Im][si] > 0 such that S2(s,) € IR, so

(1) 1V (s1) C s such 6s € V (s1) —{s1}, S2(s) € IR

(i) lun € V (s1) — {81} such limu, = s, (since s, € V (s1) —{s1} mith A
is the adherant of A).

Claim 14 Get D ={z € s/Re(z) € 10, 1[}, so 6s € D,
S(s)€eIRe S(1 —s) €IR and,
S(s)eilRe S(1 —s) €ilR



3.2 The second announcement

Claim 15 Iso/S (So) € 1IR <= Is; € (10, S0] /S (s1) = 0.
Such ro =Re(so) € 0,5 U 2,1 and (ro,So] ={ro +ic € s/0 < ¢ < co}

Corollary 16 Imy, Iso such S™° (so) € iIR <= s, € (1o, So] such S(s1)=0

<= lc €1]0,co] such S(ro+ic)=0
mithro =Re(So) € 0,2 U 2,1 and (ro,So] ={ro+ic € s/0 < ¢ < co}

Conjecture 17 6r €10, 1[ and s=r +ic
DrE = Re[SET#0

2) E&[é(s)] =0==>r=1
3 Z(—l)n%%@ﬂ

n=1

=0==>r=%

Conjecture 18 (r=1%tand 8 ; +ic =2k+ 1) )== S J+ic =0

4 News contributions "The Riemann conjecture
is not true!!"

4.1 Introduction

We will proceed (with the reasoning) by contradiction: Assuming that the Rie-
mann conjecture is true. }
SoS(s)F06se D,withD= ses/ r=Re[s] € 0, z and c=Im([s] > 0.
According to our initial conjecture that we had announced earlier:
r#L=Re[S(s)]#0
== Re[S(s)]#0 6s€<D.
Lets; € D,soRe[S(s1)]# 0

== 1 € IR such S(s:)e?! €ilRx.
LetA(s)=S(s)et and B(s)=S(1 —s)et
S0,A(s1))=S(s1) el €ilR«andA(s)= "(s)B(s),asS(s)= "(s)S(1 —ys).

Lemma 19 Assuming that there exists an s; mith r1 = Re[s:] € 0,% and
c=1Im{[s;] > 0 such that A2 (s,) € IR, so

(1) 1V (81) C s such 6s € V (s1) —{s1}, A2(s) € IR

(i) lun € V_(s1) — {81} such limu, = s,

(since S; € V (S1) —{s1} mith V is the adherant of V).

Proof. (i) Reasoning by the absurd. Suppose: 6V (s;) C s, Is € V (s1)— {s:}
such A2 (s) € IR (%).
Let s (0) # s; such s(0) very close to s;, and V, (s:) such s (0) € Vi, (sy)
== Is(1) € Vo (s1) —{s1} such A2[s(1)] € IR
s(1)F=s1==1Vi(s1)suchs (1) &€ Vi(s1) and Vi(s1) Vo(s1)



== Is(2) € Vi(s1) —{si}such A2[s(2)] € IR

;nd So on

if: IV (sp)suchs(n— 1) ¢ Va1 (s1) and Vo1 (s1) Va—a(S1)
and Is (n) € Vo—1 (S1) — {s1} such A2 [s(n)] € IR

|

IV, (s) such s(n) &€ Vi, (sy) and Vi, (s1)  Va—1(S1)

== Is(n+1) € Vy(s1) —{si} such A2[s(n+1)] € IR

S0, we construct a seéluence s (n) which converges to s;
such that A2 (s(n)) € IR,

lim V;, (s1) = lim T'h=o Vi (si) =1{si}, since {s:} Va(s1)) Va—1(s1) 6n.

Consequently: A2 (s(n)) — A2(s(n)) =0

A2 and A? are analytic and holomorphic functions, because, if f satisfies the
Cauchy-Riemann equations then £ also satisfies it (Using the Cauchy-Riemann
equations and Schwarz's theorem).

So A2 (s) — A2 (s) is analytic and holomorphic function.

Let U= {s (n) /n € IN } U {s:}, so A2 (s) — A2 (s) and 0 are two analytic
functions take the same values on U, and U has an accumulation point (in U).
Hence, A2 (s) — A2(s)=0

== A2(s) € IR —— Absurd!!

(it) Using (1) and the theorem (Adherent Point and Existence of Convergent
Sequences): Let X be a topological space and A < X be a subset. A point
x € X is an adherent point (Closure point) of A if and only if there exists a
sequence X, in A such that limx,=x. m

4.2 The absurdity:

Lemma 20 fhe Riemann conjecture is true == "(s) € IR, 6s € D.
With D= s€s/r=Re[s]€ 0,2 andc=Im[s] >0

Proof. Let s; € D, we have seen if The Riemann conjecture is true, so
Re[S (s)] # 0

== 1 € IR such S(s)) el €ilRx.

LetA(s)=S(s)e! and B(s)=S (1 —s) et

S0A(Ss1)=S(s1) el €ilRx ,A2(s,) € IR

and A (s) = "(s) B(s) =g (s) ei8©)B (s)

since S(s) = "(s)S(1 —s) and '(s) = g (s) ei8®

Since the last lemma:

Assuming that Is, with r, =Re[s,] € 0,5 and ¢ > 0/ A%(s,) € IR, so

(i) IV (s1) c ssuch 6s € V (s1) —{s1}, A2(s) € IR

(i) lun € V (s1) — {s1} such limu, = s..

limu,=s,== IIN € IN such 6n > N, u, € V (s1) —{s:1}

= IIN € IN such 6n > N, A2 (u,) € IR = A(un),A(un) is abasis of s

= 1! (an, bn) € IR2 such B (u,) = anA (un) + brA (un)
A(s) = "(S)B(s) = B (un) = an'(un) B (un) + bn'(un)B (un)




h i
= Ll —dn '(un)a B (un) = bn '(un) B (un)

= 1 —an'(un) B(uﬁ):[bn’(un)}B(un)

= b (Un) B2 (un)= 1 —an'(un) |B(un)l2 h ;
"8)'(1—s)= I11, 6s = buB2 (un)="(1 —uy) } —an'(un) |B(un)l?
= buB2 (un) = (1 —un) — an'(un)'(1 —un) |B (un)|2
(®)'A—s)=1=["(s)2 (1 —5)="(s)

and "(s)=g(s) e = "(s) =g(s)* (1 —s)

= bnB2? (un) = |B (un)|? "(1 — un) — ang3 (1 — un)

= |bal = "(1—un)| 1 —angy'(1—uy) or|B(un)l =0

we have A2 (u,) € IR = A (un) 0 = |B(up)| #0

since A (s) = g (s) e8)B (s)

= |bn| = ‘ '(1 _un)| 1 _ang%l '(1 _un)

also g,, # 0 since |A (un)| = g,, | B (un)|

S b =g 1—angs "(1— ) = bigi= 1 —angi "(1—w)"
=

b2g2 =1 +a2g? — 2ang,cos(8x) (1)
nn nn

B (un) = arA (Un) + bnA (un) =
|B (un)|2 = a; + b% |A (un)|2+ anbn A2 (un) + A2 (un) =

92 |B(un)|2= azgz +b2g2 |A(un)|2+anbng? A2(un) +A2(un) =
|A(un)|2= a2g> +1+a2g> —2ang cos8n |A(un)|>+anbrg> A2 (un) +A= ()
=>0= %anZ g2 —2ang cos8n |A (un)|2+ anbn]g2 A2 (uy) +KI2 (un)

= ang, 2(ang, — cos8n) |A (un)|2 +bng A2 (Up) +A2(w,) = O

= angn, =0o0r 2 [ang, —cos 8] |A (un)2|n+ bng A2 (un) +A2(un) =0

we have g, # 0 since A (u,) = g,e®"B (un) + On(lzﬂl2 (u))ZIR) i
== ap,=0o0r 2[ang, —cos8y] |A (un)2| +bng A2(un)+A2(un) =0

n

1stcase: If IN; € IN such6n =N, a,# 0 h |
80 6n = ]PYI’ 2[ang,, — cos 8u] |A (un)| +bng Az (u,) +A2(un) =0
i

== bngnh A2 (un) +A7u—nif2 =—2[angy, — cos 8n] |A (un)|?

= bjgrf Az (un)+mh: 4la g — cosi82n]2 |A(u,)l4 =

hl +a2g2 —2q,q cos§ filzh(% )+AZ(u,) 724 [a,g —cos8 ] |A(u,)l4 =
(angn —h cos 8n)? + sin? (8,3) A2 (up) + A2 (W) =4]a gn — cos 8.2 1A (un)|4 =

iy s .
sin2 (8,) AW, )+ A2 w,) ~[a,9 —cos8,° 4|A®wn)*— A%(un) +A (un)
h _ i, h _ i
= sin2 (8y) A2 (un) + A2 (Un) = [Ang, — cos 8n]2 2 |A (un)|4 — A4 (un) — At (un)



h is h i
= sin2(8,) A2(un) +A2(u,) = —[a,gn—cos 8]z A2 (un) —A%(Un)
h i, h i,
= [isin 8,]2 A2 (ﬁln) +A2 (up) = [cLI g, — cos 8"]2h A2 (up) — A2 (u")i

= [ang, —cos 8] A2(un) —A2(un) = 1isin(8n) A2 (un) +A2(u,) =

[ang,— cos(8n) 1sin(8n)]A2(Un) = [Ang, — cos(8n) 1sin(8,)] A2 (un)
50, Z =Z = [ang, — cos(8,) 1isin(8,)]A2(u,) € R

=> ang,—e ¥ A2(up) € R

Let A2 () = Rn + iln, with (Rn, I)) € IR?

== ang, —e ¥ A2(u,)=[ang, —cos(8n) 1isin(8n)](Rn+1il,) € IR
== Ry (ang,, —cos 8n) I,sin8,+i[l,(ang, —cos8,) R,sin(8,)] € IR
== I, (ang, —cos8n) Rnsin(8,)=0

we have A (s) =S (s) et

== A(un) = S (up) e’ and s'— A(s) is continuous

== lim (R + il) = lim A2 (un) = lim (Ry) + i lim (In) = A2 (s)) € IR+
== limI, = 0 == lim (Rn sin 8x) = 0

and lim (R) 0 (exists and is not zero)

== lim (sin8,) =0

we have 8, = 8 (un) == 1im (8,) = lim 8 (u,) = 8 (s1)

== 8(s1) =krt (k € Z)== "(51) = g (s1) €18 = g (s,) el

== '(sy) € IR

2d case: If 6m € IN, In = m such a, = 0.

Letn=$(m),so 6m € IN agm =0

m —— agem) = 0 is a sequence extracted of (an), v

= + = A u
We have B (un) anA (un) bnA ) so B Ui b$(m) A [T

<A ugemy = 7 Ugom) Dy A Ugom)
== _ B(u since A (s) = "(s) B(s)
2 A(ugem)

2,
A usem = " Usam) Dy A Ugom

= . _ D _ :
limby,, &A(SO b € IR« exists
== limb,,, #+ 0

AR AN AR~ 0B ) =0
2 . ”

SolimA ugemy ~ lim Ugim) b$(m) A Ugm)

== A(s)2= "(S)blA(ss)|[2€IRT == "(si)) €IR« =

Theqrem 21 If the Riemann conjecture is true so,
< ():Re[S(s)] EIR~ 6s € ssuch Re(s)€ 0, U *,1

* 2 2
(i)):S(s)=g(s)S(1 —s) 6sEssuch Re(s)€ 0,1 u L1
> (i) : S ;+ic €IR™

Proof. For (i) : First, we have see in the last lemme: If the Riemann conjecture
is true so, “(s) € IR 6s € s suchRe(s) € 0,;* .

== S(s)= g(s)S(1 —s)



Also the line Im(s) =0, s=r €10, 1[ and since 1 < ¢2y- 6r €10, 1[
S(s)=S(r) = <— o B —2 +2 +..<0.

or aQr

So, Re[S ()] e'hé BSESsuch Re(s)e 0,1 U 11 (i)
2
because otherw15e Ises/ Re ()€ 03t U S, 1 such Re[S (s)] € IR+,

Re[S s So € ]r uch Re ((so))2 a 0 (the 1ntermedlate value

theorem), ]1’é s] {r+1c 0<c< m ndr=R
For(u).AsRe[S(s)]EIR 63€ssuchRe(s)€ 0,1 U i 1 (@)

2 2
S0, also Re [S (1 —s)] € IR= 1
== S(5)=g(s)S(1 —ys) 63€ssuch Re(s) € O,2 U 51 (1)

For ?iﬁ)(.szﬁs we i)gve Ei) :

Re[S(r+ic)] €IRY 6c€IRsuchre 0,5 U 51 ,s0lim .3 Re[S(r+ic)] €
IR~

==§ +ic €EIR". =

Theorem 22 (Sorry!! but): fhe Riemann conjecture is not true.

Proof. Let E= '+ic/c€ IR}, we have: If The Riemann conjecture is true,
soS ;+ic €IR-

== 6sEE,S(s)=S(s)

S (s) and S (s) are analytic and holomorphic functions: Because, if f satis-
fies the Cauchy-Riemann equations then £ also satisfies it (Using the Cauchy-
Riemann equations and Schwarz's theorem).

S_(s) and S (s) are two analytic functions take the same values on E, so S (s)
and S (s) take the same values on s

== S(s) € IR— 6s €s.

Absurd!! m

5 Conclusions

While conventionally accepted, our current investigation indicates a potential
refutation of the Riemann Hypothesis. Contrary to the widely accepted con-
jecture, our analysis establishes that the Riemann Hypothesis is false. And
this was made possible thanks to our last two publications, in which we made
these announcements and new conjectures equivalent to the Riemann Hypoth-
esis. The first conjecture announced: In the band s (s = r+ic) a complex such
that its real part is strictly between 0 and 1 (0 < r < 1), we have the real part
of the Dirchlet function (Re[S (s)] = 0) can only be zero in the straight line
"the real part of s is equal to 0.5" (r = 1). So instead of studying and finding
the zeros of the Dirchlet function (S (s) or 7 (s)), we just need to study its real
part which is equivalent to studying and finding the zeros of the real function

>
R'=  (—1)ncoslinmel with two variables (r, ¢). While the second conjecture

n=1



informs us about what the zeros can be (8; * +ic =(2k + 1) ) in the straight
line r= 1.

This refutation challenges a century-old conjecture and necessitates a re-
evaluation of current theoretical frameworks concerning the distribution of prime
numbers.
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