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Abstract:

Domination is an interesting research area in graph theory. Various domination parameters have been
dicussed by many authors. In this paper, we have found the general formula for the Kronecker product of cycles

of even length with some of its transformation graphs.
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I. INTRODUCTION

Graph theory is one of the florescent area to find the solution for some unsolved problems in real life
which are motivated by objects and relation between them. A graph G = (V, E ), where V is a finite set of
elements called vertices and E is a set of unordered pairs of distinct vertices of G called edges. The
degree of a vertex v in G is the number of edges incident on it.

IL. PRELIMINARIES

Definition: 2.1

A graph G is said to be bipartite if the vertex set of V(&) can be partitioned in to two

subsets Xand Y such that every edge of G has one end in X and the other end in Y. A

bipartite graph G with | X| = mand | Y | = k is said to be complete if every element in

one partition is adjacent with all elements of the other partition and is denoted by Kmn.

The graph K1, is called a star graph.

Definition: 2.2

A set D € V is a dominating set of G if every vertex ve V- D is adjacent to at least one

vertex of D; A dominating set D is minimum if there is no dominating set D’ with

| D'| < | D |. The cardinality of a minimum dominating set is called the domination

number denoted by yY( G) and the minimum dominating set D of G is also called a Y — set.
Definition:2.3

If Giand G, are two graphs with vertex sets V1 and V;, respectively then their product
graph is a graph denoted by G1(K)G, with its vertex set as V1 X V, where ujv; is
adjacent with u,v, if and only if uwqyu, € Eiand vyv, € Ejis called the Kronecker
product of graphs.
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Definition:2.4

Let G = (V(G), E(G)) be a graph and x, y, z be three variables taking values + or -.

The transformation graph G*2 is the graph having

and for ¢, $ € V(G) U E(G), < akd B are adjacent in GSZ if and only if one of the

following holds:

(i) <, B € V(G).x akd B are adjacentin G if x =+; o« akd [ arenot

adjacentin G if x =-.

(ii) <, B € E(G).x akd B are adjacent in G if y = +; < akd B are not

adjacentin G if y=-.

(i)xe V(G), B € E(G).«x akd p are incidentt in G if z=+; « akd S

are not incidentin G if z=- .

I11. MAIN RESULTS
Result :3.1
Let G = C,be a cycle of order n and G52 be a transformation of G with 2k vertices .
Then
. 2n
(1) y(G++) = ];]
() y(Gtt) =2
2 ifk=3,4
(i)  y(G++) = { ]g] + 2 ifk =6,912,...
1551 +1 otherwise
2 ifk=3
i —++) = n
vy (G =1 El+1  ifk>3
v) y(G+—)= 3
) 2 ifk=4,5
(vi) y(Gt-)={
23 ifk_f=3a13cdk>5
(vii) y(G—+) ={ -
33 iffkk> 33 kd 4
ifk=3a
(viii) y(G—-) ={
2 ifk>4
Theorem : 3.2

Let G be a cycle of order n which is even and k > 4 and G*+~ be the transformation

graph of G. Then y(G (K)G++-) = 6]"].
2

Proof :
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Let G = C,, k >4 be aeven order cycle .
Let G*+*- be the transformation of G and (G**+-) = {u;, ej/ 1 <j <m} [V(G++-)| = 2m.
Let us denote G* = G(K)G*++-.
[V(G*)| = 2mk.
The adjacency in V(G*) is as follows:
N(ujv1) = {uxvz, uxvp} U {uxej/ 2 <j<m -1}
N(uie1) = {uxey, uxem} U {uxvj/ 3 <j < m}
N(uivp) = {uv1 , uxm-1} U {uxej/ 1 <j <m -2}
N(uien) = {uxeq, uxem—1} U {uxvy/ 2 <j<m -1},
N(uiv) = {uvj—1, uxVj41} U {uxep/ 1<h <m,h #j—1,j}
N (uiej) = {uxej—1, uxej+1} U {uxvp/ 1<h<m,h#j,j+ 1}
f=1,k=2kandifi=k,k=1k—-1
and forall2<i<k-1,k=i—-1i+l1and1<j<m.
Therefore, d(uv;) = d(ue)) = 2k forall1<i<k ,1<j<m.
Let D be a dominationg set for G*.
D =(ab)/aCSy,bCS;, where S; and S; such that

S1 = {{usvj, usvj+1, usej—1}, {Usvj, UsVj+1, Us€j+1 } , {Us€j, Us€j+1, UsVj),
{usej; Us€j+1, uSUj+2}; {uSvj; UsVj+3, uSej+1}: {usej; Us€j+3, uSUj+2}:
{usvj, UsVm_2, Usem_1}, {Us€}, Us€m—2, UsUm}}

Sz = {{uyv), uyvjr1, uyej_1}, {Uyv), Uy Vi1, Uyejr1 }, {Uye), Uyejr1, Uy},
{uye), uyejr1, UyVjra}, {Wy V), UyVjy3, Uy€j11), {Uy€), Uyej43, UyVji2},

{uyv}, UyVm_2, Uyerm_1}, {Uy€), Uyem_2, UyUp}}
1,3,5,..,0 ,if " isodd

forall 2<j<m-1,x=2p—-1,y=2p, p={ 2, 2
1,3,5,...,___,if _iseven
2 2

By the selection of S* and S** , each suffix x dominate exactly two partitions.
We have 2mk vertices in G* and degree of each vertex is 2k.
For, N(uivj) UN(uivj+1) = {uxvj—1, ukvj, ukvj+1, ukvj+2} U
{uke1, uxez, ..., Uk€j—1, UkEj+1, ..., Uk€m—1, UkEmM}
N(uiej-1) = {uxvi, uxvz, ..., UkVj-2, UkVj+1, ..., UkUm} U {ukej-2, uxej}
N(uiej+1) = {uxvi, ukvz, ..., UkVj, UkVj+3, ..., UkUm} U {ukej, ukej+2}
fi=1,k=2kandifi=k,k=1k—-1
and forall2<i<k-1,k=i—-1li+land2<j<m-1
Since {u;vj, ujvj;1} dominate 8 + 2(m — 1) vertices , it is must to choose one more
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vertex .
Hence, N(uivj) U N(uivj+1) U N(uiej-1) = {uxvj, ukej/k =i—1,i+ 1}

N (uivj) U N(uivj+1) U N(uiej+1) = {uxvj, ukej/k =i —1,i + 1},
1<j<mforafixedi,2<i<k-1
andifi=1,k=2kandifi=kthenk=1k—1.

= {UiV}, UiVj+1, uij41} for all i and j , it is one of the minimum dominating set for G*.
= D is the minimum dominating set and the domination number

y(G) =23 ]f])-

Theorem : 3.3
Let G be the Kronecker product of G; and G, where Gy = C, , kiseven, k > 5
and G, = G, *~* Then y(6) = k 1.
Proof :
Let Gy = Cy, k > 5 be a graph of order even and G, = G1"~* be the transformation
graph of G1.
Let us denote V(G1) = {uw/1<i<k}
V(G2) ={v,e/1<j<k}
In G, the adjacency of v; is { Vj_1,Vj+1, €j-1, €41}, 1 <j < k.
Since the variable ‘y’ is -’ , each e; is adjacent with all e,/ 1 <k < k except
ej—1 and ej41; and also adjacent with v; and vj; 1 .
Let G = G1(K)G, ,V(G) = {uiv,wiej/ 1 <i<k,1<j<k}; |[V(G)| = 2k2.
N(uie)) = {{uji—1ex/ 1<k <k,k#j—1jakdj+1} U
{uit1ex/ 1<k<kk=+j—1,jakdj+1} U
{Ui—1V), Ui 1Vj4 1, Uig1V) Ui Vja1) J1 S0 j < k.
N(uivy) = {Ui—1Vh, Ui+1Vh, Ui—1€k, Uip18k /B = j = 1,j+ Lk = j—1,j},
forall 1<ij<k.
Hence, d(uie)) = 2(k — 1), d(uv)) =8, forall 1 <ij<k.
In G, there are §* and S$** having E" sub partitions and each sub partition consists 2k
elements. Hence |S*| = |S*| = k2.

Also, elements from one sub partition of S* dominate exactly two sub partitions of S**.
n

- /2 o .
Therefore, vertices from ~ sub partitions of S* dominate all elements of S**.

By the adjacency of e; C V(G2) , the set of vertices {e;j/ jisodd ,1 <j < k } dominate all
{vj/ 1<j<k}independently.
Similarly, {e;/ jis evek,1 <j <k } dominate all {v;/ 1 <j < k } independently.
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Also any pair of vertices {ej,ex} CV(G2) , k#j—-2,j—1j+1landj+2, 1<j<k
dominate all {e;/ 1 <j<k }.
Let us choose Dy € S*and D, S S*
Dy = {{ugi_1€1, Ugi_1€3, Upi_1€5, -, Upi1€n_1}, {Upi_1€p Upi_1€4 Upi_1€6 -, Upi_1€4}}
D, = {{UZiel, Uzi€3, U2i€s, ..., uZien—l}, {UZiez, Uzi€4, U2i€e, ..., uZien}}
1,3,5 ’n_—Z if "is evek
i={ S h
1,3,5, ...,— if _isodd
2 2

Letx € D1,y € D>.

N(x) = S* and N(y) = S*.

Hence, D = {(x,y)/ x € D1,y € D2} is a dominating set.

x consists of ]f] (i) elements and similarly y consists of ]f] (i) elements.

Since each element of D dominate all u;v;independently, D is the required minimum
dominating set for G.

=@ =210 = k13
4" 2 4
Result : 3.4
In the above theorem, if ™is odd ,

2
N(ui€)) = {uzvj, uz€j, Upvj, Ungj} ;
N(un—1€j) = {Un—2Vj, Un—2€j, UV}, Un€;j}
N(U,zej) = {ulvj » U1€5, U3Dj, ugej} ,
N(unej) = {u1vj, u1€j, Up_10j, Up—1€j} , 1 <j < k.
{uiej, up_16;} € S* dominate {u,v;, uyej} € S* twice.
{uzej, unej} € S** dominate {u,v;, uyej} € S* twice.
Therefore, D does not dominate the sub partitions independently.

Result : 3.5
If G = Cp, k iseven, then G—*+ and G*—* are isomorphic.

k
y G =y G ==

By the previous theorem, y (G(K)G—++) = ¥ (G(K)G+—+) = k]7].
4
Theorem: 3.6

Let G = G1(K)G,+— be the graph, G; = G, »k > 5, kiseven. Theny (G) = 4]%]-

Proof :
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Let G = G1(K)G, where G;=C,, ,k > 5, kiseven and G, = G,
V(G) ={u/1<i<k}
V(Gy) ={v,e/1<j<k}
V(G) = {uvuie)/ 1<i<k,1<j<k}
The adjacency of V(G) as follows :
N(uiv) = {Ui—1Vj-1, Ui-1Vj+1 Ui+1Vj-1 Ui+1Vj+1} U
{ui—1ep Uit1ex/ 1<k <k, k#j—1lakdj},1<ij<k
N(uie)) = {ui—1V Uip1Vx/ 1 <k <k ,k #jakdj+1}U
{ui—1ep uit1ex/ 1<k <k, k#j—1,jakdj+1},1<ij<k
d(uivy) = 2k ; d(uie)) = 4k — 10
It is clear that d(u;v;) < d(u;e;) forall 1 <1i,j <k
Choose Dq and D, such a way that,
D, = {uzi—lej» U2i—1€k » U2i€y) Upi€y}

-2
. 1,3,5, ---:nz ianiS evek

Dy = {U2i41€) Uzi41€k » U2i4+2€) Upi42€K) » 1 = {1 35 . ,
Sty if Elsodd

forall 1 <jk <k k#j—2,j—1,j+1akdj+2.

We know that, |V (G)| = 2k2, |S*| = |S*| = k2.
For all akd j, d(ue)) = 4k — 10 .
S* and S** have "Esub partitions and each sub partition having 2k elements.
Elements of each sub partition of S* exactly dominate the elements in two sub partitions
of §*=.
Choose a pair of vertices (u;ej, ujey) such that k # j—2,j—1,j+1akdj+2; 1<j<k.
Then, N (uiep) U N(uiey) = {ui-1v;, ui-1€, wi+1v}, Uiv1e} / 1 < jk < k.
IN (uie;) N N(uie)| = 2(2k — 10).
IN(uie)) U N(uie)| = |N(uie))| + [N(uwied| — [N(wiej) N N(uiew)| = 4k
Therefore , ]f] number of pair of selected vertices from S* dominate S**.
4

In similar, ]nj number of pair of selected vertices u € € S** dominate S*.
4 1j
Hence, D1 and D> are the required minimum dominating sets with

cardinality 4 7).
4

Hence y (G) = 4]%].

Corollary:3.7
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- k
) . 1,3, — if - is evek
If 2 is odd then for all i = { 2 2 ,
2 1,3,5, ..., - if - is odd
2 2

and1 <jk<k k#j—2j—1,j+1akdj+2,
N(D1) = N(uzi-1€)) U N(uzi—1€x) U N(uzi€)) U N(uziex) = V(G).
By the adjacency mentioned in Result : 3.4, the graph G in above theorem : 3.6

with all i, j, k,
k

[N (uzi-1€))| + [N (uzi-1ex)| = 2 (]4ﬂ-(4k —10) — (2k — 5))
k
|N(u2i—1ej) N N(uZi—lek)l = E(Zk - 10)

Hence, N(D1) = [N (uzi-1€j) U N(uzi—1ex) U N(uzie)) U N(uziel)|
= [N(uzi—1€j)| + [N(uzi—1ex)| + [N(uzie))| + [N (uzien)|
—|N(uzi-1€)) N N(uzi—1ex)| — [N (uzie)) N N(uziey)|
=4 (% (4k — 10) — (2k — 5)) — 2 (C(2k — 10))
4 2
= 2k2 = |V(G)|.

Hence for both either = is odd or = is even, y (G) = 41]2].
2 2 4

Corollary : 3.8

For any cycle G = Cp, y(G*—) = y(G-+-) = 2.

Clearly, G+~ is isomorphic to G=+~ .

Therefore, for any cycle Gy = C, k is even, G = G1(K)G is isomorphic to G =
G1(K)G3 , where G, = G-+~ and G3 = G+~ .

=7 (6 =41]

Theorem :3.9
Let G* be the Kronecker product of G and G——* where G = C,, , k is even and

k > 5 .Theny (G*) = 813].
4

Proof:
Let G = G(K)G——*, G is an even order cycle, k > 5.
V(G| = k; V(G = 2k ; V(G| = 2k2.
The neighbors of V(G*) as follows:
N(uv) = {ui—1€j-1, Ui_1€j, Ui11€j-1, Uiy1€} U
Ui Uit/ 1<k <k,k#j—1,jakdj+1},1<ij<k

N(uiej) = {ui—lvj; Ui_1Vj41, Uir1V) Wir1Vj41, Uim1€lo Uir1€k/
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1<k<k,k#j-1jakdj+1},1<ij<k

Foralliand , d(uyvy) = 2k — 2; d(uie)) = 2k — 2.
From the adjacency of V(G*) , it is clear that each u;v; € S* is adjacent with 2(k — 3)
number of u,vyk € S$** and four number of uyey € S** ;
Similarly , each wu;e; € S* is adjacent with 2(k — 3) number of upeix € S** and four
number of upv € S**, forall 1 <i,jk<k; k#j—1,jakdj+1.
Let us choose D1 € S§* and D, € S** such that

D= {{u21—1vj» U2i—1Vk U2i—1€j Upi—1€k} {u21+1vj: U2i+1Vk U2i+1€ Uzir1€K}}

D, = {{uZiVj» U2iVk U2i€y, Upi€k}, {u21+217p U2i42Vk U2i42€) Upit2€i}}
n-2 ..n.
1,3,5, ..., if _isevek

foralli={ .. 22 ifzn_isaii 1<jk<kk#j—2j—1,j+1akdj+2
2 2

Choose the pairs (Uzi—1Vj, Uzi—1Vk) and (Uzi—1€j, Uzi—1€K) such that
1<jk<kk#j—2j—1,j+1akdj+ 2.

Every pair (Uzi—1Vj, Uzi-1Vk) € S* dominate 2(2k — 6) vertices of S** and

IN (u2i-1v5) N N(uzi-1vi)| = 2k — 12.

Similarly,every pair (uzi—1€j, uzi—1€x) € S* dominate 2(2k — 6) vertices of S** and
IN (uzi—1€)) N N(uzi—ien)| = 2k — 12.

Case : (i) If "Eis even

Then the elements of each sub partition of S* is adjacent with the elements of exactly two

sub partitions of S$**. $* and S$** have m™sub partitions.
2

Each sub partition having 2k elements.
IN(u2i—1v) | + [N(uzi—1vid | + [N (uzi—1€)| + [N (uzi-1€1) |
—[IN(u2i—1v5) N N(uzi—1vi)| + IN(uzi—1ej ) N N(uzi—1ew)|]
=42k —6) — 2(2k —12) = 4k
which is the total number of elements in two sub partitions.
So we need minimum 2 ]2] pair of vertices from S* to dominate all the vertices of S**.
4
In similar, 4 %] vertices from S** dominate all the vertices of S*.
4
Case : (ii) If ~is odd
2

By the adjacency shown in Result : 3.4 , vertices {upi—1Vj, Ui—1Vk U2i—1€j, U2i—1€k}
chosen from ]"] sub partitions dominate 2 (]%] 2(2k — 6) — (2k — 6)) — " (2k — 12)
4 4 2

vertices of S**
= [N (u2i-1v;) U N(u2i-1v)) U N (u2i-1¢) UN (uZi—lej)‘ =157
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Similar number of vertices chosen from S** dominate $* with cardinality 4 ]].
4

From both the cases ,
D ={(a,b)/ aCDy,b C Dy} is the required minimum dominating set for G*

= y(G*) = 8]}].

IV. CONCLUSION
In this paper , we have discussed and derived the general formula for even cycle graph G
with G*——, G*—+, G—* and G**+—. Also some results were discussed.
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